
Phys. Plasmas 30, 033506 (2023); https://doi.org/10.1063/5.0129804 30, 033506

© 2023 Author(s).

Azimuthal structures and turbulent transport
in Penning discharge
Cite as: Phys. Plasmas 30, 033506 (2023); https://doi.org/10.1063/5.0129804
Submitted: 07 October 2022 • Accepted: 22 January 2023 • Published Online: 01 March 2023

 M. Tyushev,  M. Papahn Zadeh,  V. Sharma, et al.

ARTICLES YOU MAY BE INTERESTED IN

Deceleration of ion and plasma flows in Hall-effect electrostatic systems
Physics of Plasmas 30, 033505 (2023); https://doi.org/10.1063/5.0127223

3D particle-in-cell study of the electron drift instability in a Hall Thruster using unstructured
grids
Physics of Plasmas 30, 033503 (2023); https://doi.org/10.1063/5.0133963

On the collisional damping of plasma velocity space instabilities
Physics of Plasmas 30, 030701 (2023); https://doi.org/10.1063/5.0136739

https://images.scitation.org/redirect.spark?MID=176720&plid=1953395&setID=418178&channelID=0&CID=715917&banID=520851883&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=943673ec9f4ebc46f9e1ff1533935ced61fca9d9&location=
https://doi.org/10.1063/5.0129804
https://doi.org/10.1063/5.0129804
https://orcid.org/0000-0002-1146-1633
https://aip.scitation.org/author/Tyushev%2C+M
https://orcid.org/0000-0001-6423-0778
https://aip.scitation.org/author/Papahn+Zadeh%2C+M
https://orcid.org/0000-0002-8672-9614
https://aip.scitation.org/author/Sharma%2C+V
https://doi.org/10.1063/5.0129804
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0129804
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0129804&domain=aip.scitation.org&date_stamp=2023-03-01
https://aip.scitation.org/doi/10.1063/5.0127223
https://doi.org/10.1063/5.0127223
https://aip.scitation.org/doi/10.1063/5.0133963
https://aip.scitation.org/doi/10.1063/5.0133963
https://doi.org/10.1063/5.0133963
https://aip.scitation.org/doi/10.1063/5.0136739
https://doi.org/10.1063/5.0136739


Azimuthal structures and turbulent transport
in Penning discharge

Cite as: Phys. Plasmas 30, 033506 (2023); doi: 10.1063/5.0129804
Submitted: 7 October 2022 . Accepted: 22 January 2023 .
Published Online: 1 March 2023

M. Tyushev,1,a) M. Papahn Zadeh,1 V. Sharma,1 M. Sengupta,1 Y. Raitses,2 J.-P. Boeuf,3

and A. Smolyakov1

AFFILIATIONS
1Department of Physics and Engineering Physics, University of Saskatchewan, Saskatoon, Saskatchewan S7N 5E2, Canada
2Princeton Plasma Physics Laboratory, Princeton, New Jersey 08540, USA
3LAPLACE, Universit�e de Toulouse, CNRS, INPT, UPS, 118 Route de Narbonne, 31062 Toulouse, France

a)Author to whom correspondence should be addressed: mikhail.tyushev@usask.ca

ABSTRACT

Azimuthal structures in cylindrical Penning discharge are studied with a 2D3V radial–azimuthal PIC/MCC model with the axial magnetic
field. The discharge is self-consistently supported by ionization due to the axial injection of electrons. It is shown that the steady-state dis-
charge can be supported in two different regimes with different types of observed azimuthal structures. The transition between the regimes is
controlled by the mechanism of the energy input to the discharge. In the first regime (low energy of the injected electrons), with the pro-
nounced m¼ 1 spoke activity, the power input is dominated by the energy absorption due to the radial current and self-consistent electric
field. In the other regime (higher energy of the injected electrons), with prevalent small-scale m> 1 spiral structures, and the lower values of
the anomalous transport, the total energy deposited to the discharge is lower and is mostly due to the direct input of the kinetic energy from
the axial electron beam. We show that the large (m¼ 1) spoke and small-scale structures occur as a result of Simon–Hoh and lower hybrid
instabilities driven by the electric field, density gradient, and collisions.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0129804

I. INTRODUCTION

Magnetically enhanced plasma discharges are widely used in
industry and various technologies. The regime of partially magnetized
plasmas, when the electrons are magnetized and strongly confined by
the magnetic field, while the ions are weakly magnetized and can be
controlled via the electric field, offers many opportunities for various
applications for high density plasmas. At the same time, however, a
combination of the magnetic field and plasma gradients results in the
appearance of drift waves, instabilities, and turbulence. Plasma and
energy transport across the magnetic field due to turbulent fluctua-
tions and large-scale structures are typically much larger than the clas-
sical values. Despite the wide usage of magnetically enhanced plasma
sources in the industry and the long history of studies, the physics of
fluctuations and anomalous transport in such devices is still poorly
understood impeding the further progress and development of new
applications.

A plasma cylinder with an axial magnetic field is a prototype con-
figuration for the Penning discharges used in many technological
applications. In this paper, we study fluctuations and nonlinear struc-
tures in the cylindrical partially magnetized E� B Penning plasma

discharge using a 2D radial–azimuthal PIC-MCC model. The goal of
the study is to clarify the mechanisms and characteristics of instabil-
ities and transport in this system. Our study emphasizes the role of
self-consistent ionization as well as the physics of large- (spokes) and
small-scale (spiral arms) azimuthal structures that appear in the non-
linear saturated state.

We focus on the case when the discharge is self-consistently sus-
tained by the energy input from the axially injected electrons repre-
senting the electron beam from the RF cathode of the Penning
discharge device.1,2 We demonstrate that in addition to the direct
kinetic energy of the electron beam, the energy absorption due to the
radial electron current and the radial electric field is an important
mechanism of the power input to the discharge. The total power deliv-
ered to the discharge and relative contributions of these two mecha-
nisms define what type of azimuthal structures is excited in the
discharge.

The potential in the discharge center is negative with respect to
the walls due to the injection of beam electrons in this region. The
potential drop depends on the current and energy of the beam elec-
trons and is larger for lower beam energy because of the more efficient
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electron trapping by the magnetic field. Therefore, for lower beam
electron energy, electron energy absorption is dominated by the radial
current and self-consistent radial electric field. In these conditions, the
simulations show that large-scale structures, m¼ 1 spokes are excited.
As the beam energy is increased, the potential drop is smaller, and the
energy input becomes higher due to the direct kinetic energy from the
axial electron beam. In that case, the small-scale spiral structures, with
m> 1, dominate. We show that the large- and small-scale structures
occur as a result of Simon–Hoh and lower hybrid type instabilities
driven by the electric field, density gradient, and collisions.3

In Sec. II, the simulation model and main parameters are
described. In Sec. III, we investigate the role of collisions and ioniza-
tion on the development and saturation of the self-consistent discharge
and present the benchmark simulations with four different PIC codes.
The detailed study of the characteristics of azimuthal structures and
their relation to gradient-drift instabilities is presented in Sec. IV. The
parametric dependencies of spoke frequency on the magnetic field,
box size, and ion species are studied in Sec. V. The regime with small-
scale spiral arms is demonstrated and analyzed in Sec. VI. Section VII
presents the comparison of anomalous transport between two regimes.
A summary and discussion of the results are provided in Sec. VIII.

II. THE SIMULATION MODEL

In various applications with axial magnetic field both cylinder
and rectangular cross section, configurations are used.4–9 We employ
the rectangular geometry of the discharge, as shown in Fig. 1, as our
base case. We also study the effect of the geometry and provide a basic
comparison of the result for the rectangular, dodecagon, and cylindri-
cal models in Appendix B.

The simulations are performed on a uniform Cartesian grid in
the x–y plane, with particles velocities in 3D x � y � z space. A uni-
form axial magnetic field in the z-direction is applied perpendicular to
the simulation domain with conducting Dirichlet boundary condition
for the potential, U¼ 0, and absorption for all incoming particles.

A uniform electron beam is injected axially inside a square region
in the center (0:6� 0:6 cm2). The density of the background neutral
gas is uniform and constant throughout the simulations. The electron
beam is represented by macro-particles introduced at every simulation

time step. The beam electrons are injected with the same axial energy
and zero temperature (zero energy spread) throughout the whole
simulation.

The simulations domain Lx ¼ Ly ¼ 3 cm is split into nx � ny
¼ 250� 250 grid cells in the x- and y-directions. A typical injection
region is a 50� 50 cells square domain in the center of the box. This
implies mesh resolution Dx ¼ 0:12mm resolves Debye length
through the simulations, which has been confirmed by the direct cal-
culation of electron temperature and plasma concentration in each
cell. The Debye length reaches its minimum in the center where it is
equal to mesh resolution Dx.

The simulation time step is Dt ¼ 5 ps that resolves the electron
cyclotron period and local plasma oscillation period by providing the
practical criteria of xpe;ceDt < 0:5. Electron cyclotron frequency is
xce ¼ 2:6� 109 s�1, and the characteristic value of plasma frequency
is xpe ¼ 5:6� 109 s�1 for np ¼ 1016 m�3. The spatial grid and time
step are set in a way that the Courant–Friedrichs–Lewy (CFL) condi-
tion is satisfied with a large margin. For the fastest particles, for
which velocity is approximately equal to 2:4� 106 m=s, we have
CFL ¼ vDt=Dx ¼ 0:1� 1. The weight of a single macro-particle was
equivalent to 1:7� 107 m�1 for simulations with Argon gas, and for
convergence study with Hydrogen gas, the number was 3� 106 m�1,
both for electrons and ions since on average plasma is quasineutral.
This value results in a low number of particles per cell (ppc) roughly
equal to 3 (on average). Further simulations in 6� 6 cm2 geometry
were performed with a higher ppc number, demonstrating good con-
vergence as it is described in Secs. IV and VI. The change from 3� 3
to 6� 6 cm2 box size was also motivated by the fact that the spoke
structure that appears in our simulations has a characteristic length
close to 3 cm. Therefore, to have a better view of the structure and
lessen the role of boundaries, we increased the simulation domain.
Nevertheless, the results of 3� 3 cm2 are used to show the conver-
gence of global characteristics between different codes and also to
show that, in this case, even the low resolution simulations capture
essential dynamics.

In simulations, the electrons are magnetized, with small Larmor
radius qe � Lx , while ions remain unmagnetized (with Larmor radius
much larger than plasma dimension qi � Lx). We have tested the
case of 3� 3 cm2 box with a magnetic field included in equations of
motion for ions. Comparison with the case of unmagnetized ions
showed that the effect is insignificant. Therefore, for simulations with
the 6� 6 cm2 box, the magnetic field for ions was omitted.

The main plasma parameters for our base case are given in
Table I. This is the regime when the large-scalem¼ 1 spoke structures

FIG. 1. The end view of the cross-section of the modeled discharge.

TABLE I. Physical parameters for the base case (spoke regime) simulations with
Argon.

Property Symbol Value

Magnetic field BðTÞ 0.015
Electron beam energy EbðeVÞ 1.84
Electron beam current IeðA=mÞ 0.544
Neutral temperature TnðKÞ 300
Neutral pressure PnðmTorrÞ 40
Neutral density nnðm�3Þ 1:2875� 1021
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are excited. The spoke regime is studied in Secs. III–V. It is important
to note that in this case, the energy of injected electrons is low com-
pared to ionization energy, and the ionization occurs mainly through
electrons heated by the power deposited in the radial electron current
and electric field via the axial electron current. In the regimes with the
higher energy of the injected electrons, when the ionization occurs
directly from the injected electrons, small-scalem> 1 spiral arm struc-
tures dominate as discussed in Sec. VI.

Our goal is to have a stationary discharge that is self-consistently
maintained by the electron beam. As expected, ionization and colli-
sions significantly affect the discharge characteristics, such as plasma
density and fluctuations in energy in saturated steady-state. We con-
sider and compare the discharge evolution and saturation for two sce-
narios: the case when only ionizing electron-neutral collisions, and the
case when the ionization, elastic, and excitation processes in electron-
neutral collisions are all included. The role of ionization and electron
neutral collision was studied for two different neutral gases,
Argon and Hydrogen. The details of these investigations are presented
in Sec. III.

In this study, we omit ion-neutral collisions. The purpose of this
work is to describe, using a 2D PIC-MCC kinetic model, the different
types of instabilities likely to develop in a Penning-type source and to
interpret them using theoretical dispersion relations. For this purpose,
the physics of the problem has been simplified along these lines: (1)
All ions created by ionization are assumed to reach the grounded elec-
trode moving radially. In a real Penning source, a fraction of the ions
created by ionization is lost in the axial direction (typically on the cath-
ode side) along the z axis of our simulation domain. Since we do not
simulate the z-direction in our simulations, such axial losses are not
included. The assumption that all the ions are collected radially by the
grounded electrode would be a good approximation for a very long
(with respect to Lx and Ly) discharge in the z-direction. In principle,
the axial losses could be simulated in 2D geometry by removing ions
with some prescribed rate, but it was not done in the present manu-
script. (2) We assume collisionless ions. This is not realistic for a 40
mTorr discharge but allows a direct comparison with results with dis-
persion relations with collisionless ions. We have actually found that
the inclusion of ion collisions leads to more complex discharge regimes
and instabilities and higher plasma density in the center of axial ion
losses is not included. The resulting increase in plasma density goes
beyond the values practical for available simulation resources. In this
preliminary study, we have neglected the axial losses and ion collisions
and leave the study of these effects (and methods to represent in a 2D
model the boundary conditions along the z axis) to further work.

III. THE ROLE OF IONIZATION AND COLLISIONS FOR
THE DISCHARGE SELF-SUSTAINMENT

One of the goals of this study was to study the large-scale spoke
instability in the discharge with self-consistent ionization. It was found
that parameters of the discharge, in particular, plasma density and
fluctuation energy at saturation are rather sensitive to collision effects.
We have employed several independent PIC-MCC codes to investigate
the sources of the sensitivity and raise confidence in the results of the
simulations. Descriptions of the codes used in this study are given in
Appendix A. Though all codes follow general PIC-MCC methodol-
ogy,10 there are differences in Poisson solvers and the way particle col-
lisions are implemented. This convergence study reveals that although

all codes demonstrate qualitatively similar results, there are some
quantitative differences. In particular, we find that the implementation
of the collision algorithm is a source of some differences.

For the convergence studies, two parameters—the total number
of physical particles and electrostatic energy—were used as a metric
for the comparison between four codes. We use prevalent electron-
neutral collisions: ionization, elastic, and excitation. Two cases were
compared: the case with only ionizing collisions, and with ionizing
and non-ionizing electron-neutrals collisions. As it was noted above,
the ion-neutral collisions were omitted.

For our base case, we consider the situation when the axial energy
of injected electrons is below the ionization threshold. We show that
the electrons gain energy through the work of the radial electric cur-
rent, so they are heated to initiate the discharge and support ioniza-
tion. The axial electron current is maintained constant. The stationary
values of plasma density and radial electric field in the discharge are
established self-consistently by the balance of the input energy against
ionization and losses through the boundaries. We inject electrons with
equal energy and zero thermal velocity. In the regime when the most
power to the discharge is delivered by the electric field, it is even possi-
ble to maintain the discharge with the injection of cold electrons. As
long as the injected current remains the same, the characteristics of the
discharge do not change much. The convergence of the discharge to
the saturated state was confirmed with all four codes. As will be dis-
cussed in Sec. VI, the transition to a different regime occurs when the
injected current is reduced while the beam kinetic energy is increased,
so the ionization is maintained directly by the energetic electrons of
the beam rather than by the electrons heated in the discharge.

Figure 2(a) shows the time evolution of total electron and ion
inventories in Argon discharge simulated with only ionizing collisions.
All but XOOPIC codes show a typical overshoot at the initial stage.
The overshot recovers roughly by t ’ 10 ls, and all codes reach a
steady state (after around 10ls). The number of electrons and ions
are close to each other, confirming quasi-neutrality in the simulations,
except early stage between t ¼ 0:1 and t ¼ 0:5ls when the number
of ions exceeds the number of electrons, due to electrons reaching the
boundaries and being lost faster. In these simulations, the observed dif-
ference between the results of VSim, PEC2PIC, XOOPIC, and
EDIPIC-2D was about 10% or less when the same number of particles
per cell is used. The case for EDIPIC with high ppc differs more, which
invalidates the data to study the processes. However, it still fulfills the
purpose of the benchmark, and it will not be used further down the
article.

Figure 2(b) shows the time evolution of particles inventory in the
Argon discharge simulations with ionizing and non-ionizing electron
neutral collisions included. In this case, the number of particles
increases initially and reach a steady state for all simulations codes
(except VSim) around 10 ls. The discrepancy between the results of
VSim with EDIPIC and EDIPIC with PEC2PIC at t ¼ 30 ls in Fig.
2(b) is almost 17%. The behavior of plasma density in VSim and
XOOPIC codes suggests that the saturation in these runs is slower and
will be reached at later times. To confirm this, we have performed sim-
ulations for Hydrogen. As it is shown in Figs. 5(a) and 5(b), the
Hydrogen runs show good convergence for the total number of par-
ticles and electrostatic energy of fluctuations for all codes.

The evolution of the electrostatic energy (ES energy, 0:5
Ð
VE

2 dV ;
V ¼ 3� 3� 100 cm3) is shown in Figs. 3(a) and 3(b) for both cases:
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with ionization only and with ionizing and non-ionizing collisions.
One can see that the saturation level of ES energy in simulation with
only ionization collision is higher than for the case with ionization and
non-ionizing electron neutral collisions.

Discrepancies in the results of presented simulations are believed
to be due to the different ways the scattering cross-sectional data are
imported and interpolated. We performed two simulations in VSim to
compare the results of two ways the cross sections are evaluated: one
where the scattering cross sections are imported from an open-access
database LXcat and when the fitting function for the cross sections is
used. The yellow lines in both Figs. 4(a) and 4(b) show the evolution
of particles inventory for the VSim simulations with the cross-section
fitting function. The results show a good agreement between VSim
and PEC2PIC when both use the same MCC-cross-section fit.
Relevant details of the cross-sectional data and references are given in
Appendix A.

To further confirm that different methods of importing the cross-
sectional data lead to some discrepancies, we have conducted an experi-
ment with Hydrogen as the neutral gas and used the linear interpolation
between two points. The value of cross-section for electron energy W
is determined as r ¼ ðrleft½W �Wl� þ rleft½Wr �W�Þ=ðWr �WlÞ,

where indexes r and l mean right and left data node correspondingly,
between which the energyW of an electron is located. The result pre-
sented in Figs. 5(a) and 5(b) shows that all four codes give very similar
results in the saturated state. The discrepancies at earlier times (<3ms)
are explained based on the different behavior of Poisson solvers for un-
resolved Debye length in the center and the artificial heating at this
stage. At later stages, the density drops, and the Debye length is well
resolved across the whole simulation box.

To investigate the role of ionization and collisions on the mode
frequencies, we show in Fig. 6 the rotation frequency of the spoke
from PEC2PIC simulations measured using Fast-Fourier-Transform
(FFT) of a density probe’s signal. The density probe measures local
fluctuations in ion and electron densities at a location 0:084 cm inside
the left wall, i.e., a distance of 0:028Lx from the left wall, and a distance
of 1:44 cm from the bottom wall, i.e., a height of 0:48Ly referencing
Fig. 1. The probe picks up the spoke’s front motion of them¼ 1 mode
as it rotates in the device’s cross section. Specifically, two cases are
shown: (a) the Argon discharge simulated with only ionizing colli-
sions, and (b) the Argon discharge simulated with ionizing and non-
ionizing electron neutral collisions, i.e., elastic and excitation collisions.
Figure 6 (top) shows a smoothened version of the ion density

FIG. 2. Total particles inventory as a function of time: (a) case with only ionizing collision, (b) case with ionization and non-ionizing electron neutral collisions. The results from
different codes are shown by different colors; solid lines show electrons and dashed lines—ions. The data with a Hppc label is from the simulations with a larger number of com-
putational particles per cell (ppc), which is around 85 for case (a) and 127 for case (b).

FIG. 3. Evolution of electrostatic energy with time; (a) case with only ionization collision, (b) case with ionization plus non-ionizing electron-neutral collisions. The data with a
Hppc label is from the simulations with a larger number of computational particles per cell (ppc), which is around 85 for case (a), and 127 for case (b).
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FIG. 4. The effect of different implementations of the scattering cross sections: (a) Argon discharge with only ionization only; (b) Argon discharge with ionization plus non-
ionizing electron neutral collisions. The yellow lines show the result from VSim, using the same fit function as PEC2PIC. The data with a Hppc label is from the simulations with
a larger number of computational particles per cell (ppc), which is around 85 for case (a), and 127 for case (b).

FIG. 5. Temporal evolution of (a) total particles inventory, (b) electrostatic energy of Hydrogen gas for simulation with ionization plus non-ionizing electron neutrals collision.

FIG. 6. The probe measurements results for the ion charge density, qip, and power spectrum showing the effects of collisions on the spoke frequency.
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fluctuations at the probe for the two cases, while Fig. 6 (bottom) con-
tains corresponding FFTs in time measuring the rotation frequencies.
The smoothing is done with a moving average window with 0.4 ms
time step. The probe signal’s data points 5� 10�11 s apart. We get a
rotation frequency of about 55 kHz for PEC2PIC and 63 kHz for
EDIPIC-2D for the case with only ionization and about 82 and 77 kHz
correspondingly for the case with ionization plus non-ionizing colli-
sions. The results show that the elastic electron scattering increases the
rotation frequency of the spoke. Furthermore, the case with only ioni-
zation has a wider frequency peak compared to the case with ioniza-
tion plus non-ionizing electron-neutral collisions.

The role of different types of collisions on the spoke frequency
was also studied in EDIPIC-2D simulations. In Fig. 7, we show the
temporal–spatial evolution of the ion density by visualizing the spoke
rotation in EDIPIC-2D data. Here, a circular ring is considered at a
quarter of the box size (half of a radius) with a width of 10 cells. The
ring is split into 800 sectors so that the extent of one sector is roughly
twice the cell size. The data are averaged over each sector area, and the
information from all sectors is plotted as an angular dependence. One
can clearly see the propagating density fronts corresponding to the
rotating spoke structure. The front angle in the h� t plane is used to
measure the rotation frequency. There is good agreement between the
spoke frequency measured from PEC2PIC simulations using local
density probe data (Fig. 6) and from EDIPIC-2D simulations using
temporal–spatial plots of the spoke fronts (Fig. 7). The diffused nature
of the rotation frequency peak for the case with the ionization only (in
the absence of all other electron-neutral collisions) is evident in both
Figs. 7(a) and 6 (bottom). We have studied the convergence of the
base case results by performing the additional EDIPIC-2D simulations
with the higher average ppc numbers: 85 for the case with only ioniz-
ing collisions, and 127 for ionizing and electron-neutral non-ionizing
collisions. The comparison shows that in the simulations with the
higher ppc values, the quantitative characteristics do not change dras-
tically: the difference in the averaged parameters is at most 15% reach-
ing this maximum in the center of the domain. The rotation frequency

for the m¼ 1 mode stays approximately the same since it is deter-
mined by plasma parameters in the bulk of the plasma, roughly at
two-thirds of the radius, where the differences (in plasma parameters)
are lower than 5%. We believe that such low sensitivity is due to the
global nature of the m¼ 1 mode determined by plasma parameters in
the central part of the discharge where the ppc number is significantly
larger compared to the average value.

IV. AZIMUTHAL STRUCTURES AND SPECTRA

Here, we discuss the main characteristics of the m¼ 1 spoke and
higher order m> 1 modes observed in the simulations and provide
some interpretations regarding their nature. The simulations reported
in this section have been performed in the square box 6� 6 cm2 with
the magnetic field of B ¼ 200G, particle weight is 3:1� 105 (resulting
in the ppc¼ 117), and the other parameters are the same as in Table I.
Starting from this section, all presented results are acquired only for
EDIPIC-2D. The simulation time is 200 ms, which takes about a
month and a half on 400 hundred Central Processing Unit (CPU)
cores from the Beluga server (Digital Research Alliance of Canada) for
high ppc cases, and on 100 CPU hundred cores from the Niagara
server (Digital Research Alliance of Canada) for low ppc cases. This
results in eight full rotations if we start to count after the steady state
has been reached (from 30 ms). No scaling technics have been used.

A. The m¼ 1 (spoke) mode

Formation in the nonlinearly saturated state of a large-scale rotat-
ing structure (spoke) is one of the most prominent features observed
in our simulations. In the context of the Penning discharge geometry,
similar structures were observed in experiments1,2,11 and earlier
simulations.12,13

It is instructive to discuss the ion rotation in the equilibrium in
the absence of azimuthal perturbations. The ions are confined by the
inward radial electric field. The ion rotation velocity in the equilibrium
can be estimated from the radial momentum balance in the form

FIG. 7. Angular rotation of the ion density fronts: (a) the case when only ionizing collisions are included; (b) full electron neutral collisions and ionization are included. The
spoke is dispersed and less evident when only ionization is included, consistent with the result of the probe measurements in Fig. 6.
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�
V2

hi

r
¼ e

mi
Er þ Vhi B½ � �

1
min
rðTiniÞ: (1)

The roots of Eq. (1) for Vhi correspond to two branches of Brillouin
rotation modes exploited in E�B filters for mass separation.14 The
Brillouin limit corresponds to the case of large Er > rxciB=4 (in
neglect of the pressure gradient) when the equilibrium is lost. In our
case, the radial electric field is negative, ions are well confined, and the
effect of the magnetic field on ions is small so that one has from Eq.
(1) the following estimate for the frequency of the stationary ion
rotation:

xi ’
ffiffiffiffiffiffiffiffiffiffi
�eEr
mir

r
; (2)

where xi ¼ Vhi=r. Formally, for our parameters, the ion pressure gra-
dient can be important; however, the effects of pressure gradient in its
fluid form in Eq. (1) is not valid in the limit of large ion orbits so the
kinetic theory has to be used. In our case, radial ion excursions are
large and comparable to the device radius. As a result, the effects of the
radial variations of density are largely smeared out for ions. In colli-
sionless case, as for ions in our case, the distribution function is a

function of the motion integral, e.g., X ¼ x þ vy=xci ¼ const, where x
is a radial coordinate and X is a conserved quantity. Thus, the depen-
dence on the radial coordinate x enters via X. Basically, it is impossible
to have the radial gradient length scale much smaller than the Larmor
radius.

As we will discuss in more detail below, the frequency from Eq. (2)
well describes them¼ 1 spoke rotation.

Figure 8 shows the m¼ 1 rotating structure in the evolution of
the ion density, potential, and ion current. The values of the density,
potential, and current do not follow each other locally; however, there
is a good global correlation between the ion flow and potential sugges-
ting ions are trapped by the potential. In other words, ions are globally
confined by the inward radial electric field that supports the ion azi-
muthal rotation from Eq. (2). The global nature of them¼ 1 structure
and ion confinement (even with the spoke presently) is evident in the
ion current flow, which occurs as a result of the rotation and wobbling
of the ion cloud formed by the ionization [Fig. 8(c)]. The spoke rota-
tion frequency remains close to the stationary ion rotation frequency
given by Eq. (2).

Further insights on the spoke mechanism are obtained from
the analysis of the electron current, ion and electron energies, and

FIG. 8. Snapshots at different times, from left to right t ¼ 73; 79; 83; and 88ls, demonstrating spoke rotation: (a) the ion density; (b) the potential; (c) the ion current amplitude
shown by the color and streamlines plotted on a uniform grid.
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ionization rate in Fig. 10. One can see that the electron behavior is
much more local compared to that of the ions. Electrons are locally
heated in the regions of the strong electric field, at the edges of the
potential structures where the gradients of the potential are large, as
seen in Figs. 10(b) and 10(f). The regions of larger electron energy are
well correlated with the regions where the ionization is most pro-
nounced [Figs. 10(b), 10(d), and 10(f)]. The electron current concen-
trates inside narrow channels along the edges of the structures with
large electron energy and enhanced ionization [Fig. 10(c)].

The ionization rates shown in Fig. 10(d) were directly obtained from
the MCC collisions occurring in the code. Comparison with the ioniza-
tion rates calculated for the Maxwellian distribution via the characteristic
temperatures from Fig. 10(c) is an order of magnitude higher, thus sug-
gesting that the tail of the electron distribution function is depleted com-
pared to the Maxwellian. On the other hand, the actual average elastic
collision frequency is close (within 8%) to the one calculated for the
Maxwellian distribution. The 1D distributions are presented in Fig. 9.

It is interesting to note that the pattern of the ion energy distribu-
tion seems inverse to the distribution of the electron energy: the regions
of the larger ion energy correlate with the regions of the lower electron
energy Figs. 10(e) and 10(f). If they had the same magnitude, the sum of
their energy would give almost uniform total energy. The ion energy is
roughly equal to the energy of the ion stationary rotation, Ti / miV2

ih=2,
which means the ion energy is simply the kinetic energy of the oscillating
ions trapped in the global rotating m¼ 1 potential structure, while the
electrons are heated by collisions and local electric field fluctuations as a
result of the lower hybrid type instabilities.

B. Higher order modes, m> 1

The dominantm¼ 1 spoke structure is clearly distorted by the pres-
ence of higher m modes as seen from FFT power spectra in Fig. 11(b).
Faster harmonics can also be seen inside the angular-time plots of the
density [Fig. 11(a]).

The two-dimensional FFT is a direct method to study the spectra
of the modes. Such an approach, however, is difficult to apply here
because it demands a much longer simulation time with many rotation
periods. We use the super-resolution signal processing tool—MUSIC
(multiple signal classification) which is used also in Ref. 15. This
method is not so strongly bound by the FFT frequency resolution limit
and, most importantly, is less sensitive to noise compared to FFT.16,17

Since we have a decent resolution in the angular direction, we trans-
form each time slice in this direction with FFT, then we apply the
MUSIC algorithm for each layer of kh to transform the time series to
the frequency space. The output of this method is an array of frequen-
cies and the main drawback is that the relative signal strength is not
reflecting the true signal strength. Figure 12 displays the comparison
between two approaches: the lower modes from both methods are in
reasonable agreement, while the higher modes are seen only from the
MUSIC algorithm.

We interpret the observed small-scale fluctuations as a result of
gradient-drift instabilities that occur due to the radial electric field,
density gradient, and collisions. The general linear dispersion relation
for such modes in partially magnetized plasma has been proposed in
Ref. 3. Taking into account the electron inertia, gyro-viscosity, and col-
lisions, one has

k2?k2D þ
x� þ k2?q2

eðx� x0 þ i�enÞ
x� x0 þ k2?q2

eðx� x0 þ i�enÞ
� k2?c

2
s

x2
¼ 0: (3)

Here, x� is the diamagnetic drift frequency, x� ¼ khv� ¼ Tekh=
eB0Ln, Ln is the gradient length given by L�1n ¼ �n00=n0; x0 ¼ khvE
¼ �khE0r=B0 is drift frequency, kh is angular wave vector in the azi-
muthal (h) direction, kr is the radial wave vector, k2? ¼ k2h þ k2r , qe is
the electron Larmor radius, cs is the ion sound speed, E0r is the radial
electric field, and �en is the electron-neutral collision frequency.

The dispersion [Eq. (3)] also includes the finite Debye length
effects, given by the term k2?k2D, due to charge separation (non-
quasineutrality). In the long-wavelength limit, khqe � 1, one recovers
from Eq. (3) collisionless Simon–Hoh instability18 which occurs for
E � rn0 > 0. For shorter wavelengths, the electron inertia results in
the lower-hybrid mode that can be destabilized3 by density gradients,
E� B drift, and collisions. For larger khqe 	 1, the electron response
becomes Boltzmann like and one has the ion sound type mode propa-
gating perpendicular to the magnetic field

x2 ¼ k2?c
2
s =ð1þ k2?k2DÞ: (4)

It is important to note that in the limit of large collision frequency,
�enkhqe � ðx0;x�Þ, the electron response [the second term in Eq.
(3)], is also Boltzmann like and the mode again reduces to the ion
sound. In the limit of large k2?k2D > 1, the electron density perturba-
tions become small and one recovers the short wavelength ion sound
mode: x! xpi, for k2?k2D > 1, where xpi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pe2n0=mi

p
.

In the collisionless limit, neglecting electron inertia, one recovers
from Eq. (3) collisionless Simon–Hoh instability3,11

x ¼ k2?c
2
s

2x�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4?c

4
s

4x2
�
� k2?c

2
s

x�
x0

s
: (5)

For our parameters, the first term is small and the instability is almost
aperiodic with the growth rate

FIG. 9. Comparison of the measured 1D distributions (time average over two spoke
rotations, taken in the bulk of plasma R=4 < r < 3R=4) with the Maxwell distribu-
tion built from perceived temperature (mean energy) received from the measured
distributions.
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FIG. 10. Characteristic behavior of plasma parameters in the spoke regime at 73 ls: (a) ion concentration; (b) potential; (c) magnitude of the electron current density with
streamlines (plotted on a regular grid); (d) ionization rate; total (e) ion and (f) electron energy.
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c ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2?c

2
s

x�
x0

s
¼ k

ffiffiffiffiffiffiffiffiffiffiffi
eErLn
mi

r
: (6)

This expression roughly corresponds to the spoke rotation frequency
observed in simulations in Ref. 12. For k ’ 1=r and Ln ’ r, the
expression in Eq. (6) gives the same estimate as Eq. (2) for the equilib-
rium ion rotation. From Figs. 8(b) and 8(c), one can observe that the
ion rotation has a character of the coherent wobbling of charged cloud
[Fig. 8(b)], together with the ion beam [Fig. 8(c)]. Since the plasma
density and electric field profiles are unstable with respect to the colli-
sionless Simon–Hoh instability, one can conclude that the wobbling
occurs as a result of this instability, while roughly maintaining the
equilibrium rotation. The coincidence of the ion rotation velocity and
the growth rate of them¼ 1 mode also means that the same terms bal-
ance each other both in the equilibrium and in the perturbed dynam-
ics. Namely, in the equilibrium, the ion inertia (centrifugal force) in
the ion rotation is balanced by the electric field, while, in the perturbed

state, the ion inertia, controlled by the electric field, determines the ion
density. The electron density follows the electrostatic potential, and
thus, via the quasineutrality, the ion inertia is balanced by the electric
field, as in the equilibrium.

Equations (3) and (5) do not include ion equilibrium rotation.
When the ion flow Vhi in the equilibrium is included, the frequency in
the ion response part has to be modified by the Doppler shift
x! x� khVhi . Such modifications of Simon–Hoh instability were
considered in Refs. 11 and 19.

For our conditions, the electron-neutral collision frequency is
much larger than the spoke rotation frequency. Therefore, to compare
the results of numerical solution with the x� kh spectra of the t � h:
Eh field obtained in simulations during the saturated state, we use full
Eq. (3) with collisions and take into account the modification of the
ion response due to the ion rotation, i.e., use x! x� khVhi . Such
comparison is shown in Fig. 13 for our typical plasma parameters
listed in Table II, which are the result of azimuthal averaging at a half

FIG. 11. Coexisting large- and small-scales modes. (a) Ion density evolution in the h� t plane. The angle of the wavefronts corresponds to the angular frequency. One can
see the faster, m> 1, modes inside the main m¼ 1 spoke structure. (b) The modes’ power spectrum with a range of nonlinear harmonics.

FIG. 12. Comparison between (a) 2D FFT and (b) 1D Fourier in angle variable and MUSIC in time. The MUSIC spectra below m¼ 30 are consistent with the 2D FFT noisy
signal. The higher m modes above m¼ 30 are only seen with MUSIC.
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a radius distance for two values of the magnetic field: B ¼ 50G and
B ¼ 200G. With collisions, Eq. (3) predicts the instability with a real
part of the frequency similar to the ion-sound mode. In the formal
limit �en !1, one recovers from Eq. (3) the ion-sound mode, as
shown in Eq. (4). This is also shown by the black line in Fig. 13. One
can see that the real part of the frequency in the collisional case starts
to resemble the ion sound mode (shown by a black line) and the
effect is stronger for the lower magnetic field, as in Fig. 13(b).
Nevertheless, these modes have to be classified as the gradient-drift
modes because the instability is caused by density gradient and colli-
sions. The dissipation results in the positive feedback phase shift
between the density and potential perturbations leading to the mode
growth.3 The growth rate in the collisional case is shown Fig. 13(a)
by the solid red line.

Only qualitative agreement can be expected (at best) between the
results of the local linear theory with nonlinear spectra of oscillations in
the saturated state. Nevertheless, general trends are in agreement with
predictions based on the gradient-drift instabilities from Eq. (3).
The lower m modes are less affected by finite collisionality though it
remains important, especially for the lower magnetic field as Fig. 13(b).

Increasing collision frequency shifts the real part of the frequency to a
higher value while decreasing the growth rate. This provides the justifi-
cation for the result in Fig. 6 that shows that including non-ionizing
electron neutral interaction increases the rotation frequency of the
spoke and makes the peak wider.

The equilibrium ion rotation also affects the low m modes as
shown in Fig. 14. The ion rotation increases the real part of the fre-
quency so that the growth rate and real part become very close to each
other form¼ 1 mode, see Figs. 14(c) and 14(d).

The dynamics of the lowmmodes are affected by the inverse cas-
cade predicted for these systems earlier.3,20,21 Merging of higher m
modes into the dominant m¼ 1 is evident in Fig. 15(b). The initial
m¼ 4 mode and itsm¼ 8 harmonics correspond to the initial period-
icity of the square geometry of the simulation box. With time, these
modes are reduced, and m¼ 1 and m¼ 2 emerge, which grow in
amplitude until they reach a steady state with a dominant m¼ 1
mode. The weak high m modes with m> 10 also visibly reduce with
time in Fig. 13. Nevertheless, some activity of higher m modes remains
present as shown in Figs. 11(a) and 11(b).

V. PARAMETRIC STUDY OF THE m¼ 1 SPOKE
CHARACTERISTICS AS A FUNCTION OF THE
MAGNETIC FIELD, BOX SIZE, AND THE ION SPECIES

As it was discussed in Sec. IV, while the spoke mode originates
from the gradient-drift instability the steady state spoke rotation fre-
quency is well approximated by the Eq. (2) for the equilibrium ion
rotation. We will use it to compare with the measured m¼ 1 fre-
quency for different plasma parameters. We also show the profiles of
plasma density, potential, and temperature for different cases. The
radial electric field (Er), the gradient length scale (L�1n ¼ n0p=np),
plasma density (np), electron temperature (Te), and electron-neutral
collision frequency (�en) are acquired from the ring at a half of a
radius. The electron temperature here is simply a measure of the
averaged energy and is defined as follows: Te ¼ ðTx þ TyÞ=2, where
Tx;y ¼ mðhv2x;yi � hvx;yi

2Þ are electron temperatures in the directions
of x and y. As it was mentioned above, our convergence studies had
determined that the spoke is resilient to noise due to the low ppc
number. Comparison of the simulations with ppc¼ 117 and

FIG. 13. The 1D FFTþMUSIC transform of the space–time data of Eh from simulations. Theoretical values of the real and imaginary frequency from Eq. (3) are shown as
dashed and solid lines, respectively, for collisionless �en ¼ 0 (gold), and collisional �en ¼ 1:2� 108 s�1 (red) cases for parameters in Table II. The theoretical results include
Doppler shift due to equilibrium ion rotation. The black line shows the ion sound wave dispersion from Eq. (4): (a) B ¼ 200G and (b) B ¼ 50G.

TABLE II. Local values of plasma parameters and spoke frequency f for different val-
ues of the magnetic field at r ¼ R=2. The data were averaged in steady state over
2D snapshots (the time step between snapshots is 0.05 ms).

Magnetic
field, G

Quantity
name 50 75 100 150 200 250 300

�Er , V/cm 2.43 3.19 3.75 4.87 5.86 6.79 6.87
�Ln, cm 1.55 1.44 1.43 1.55 1.62 1.58 1.67
np; 1015 m�3 1.23 1.74 1.95 2.37 2.64 2.95 3.36
Te eV 2.68 3.14 3.09 3.02 2.99 2.98 3.37
�en, 10

8 s�1 1.01 1.32 1.30 1.27 1.26 1.25 1.70
f, kHz 31.7 36.9 37.1 41.4 46.7 51.8 53.1
fcs, kHz (cs=r) 84.5 91.4 90.6 89.7 89.2 89.1 94.7
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ppc¼ 11 for the 6� 6 cm2 case shows qualitatively similar behavior
while quantitatively the difference in averaged parameters is at most
of the order of 5%–6%. As it was noted above, this is explained by
the fact that the actual ppc in the central part of the simulation

domain is higher compared to the averaged value. In this section,
the scalings for the averaged parameters and m¼ 1 frequency are
shown for the low resolution cases with the averaged ppc of the
order of 10 (particle weight is 3� 106).

FIG. 14. The low m modes linear growth rate (red) and frequency (blue) with collisions and without the equilibrium ion rotation [Eq. (3) without Doppler shift: (a) B ¼ 200G;
(b) B ¼ 50G, and with collisions and the Doppler shift equilibrium due to ion rotation from Eq. (2)] [with the replacement x! x� khVhi in Eq. (3)] (c) B ¼ 200 G; (d)
B ¼ 50 G.

FIG. 15. The azimuthal electric field Eh at r ¼ R=2 is transformed by 1D FFT method in the angle direction, at each time step for (a) B ¼ 200G and (b) B ¼ 50G. For both
cases, the inverse energy cascade can be observed as time progresses.
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A. Effects of the magnetic field

Variation of the spoke frequency with the magnetic field obtained
in simulations and comparison with the theoretical value from Eq. (2)
is shown in Fig. 16(a). Variation of plasma parameters profiles with
the magnetic field is shown in Fig. 17 and typical local values are sum-
marized in Table II. The magnetic field does not explicitly enter the
Eq. (2). Its effect, however, is manifested via the electric field depen-
dence which is seen in Figs. 17(c) and 17(d) and Table II. Increasing
the axial magnetic field improves plasma confinement; therefore,
increasing the depth of the potential well and the local radial electric
field at r ¼ R=2. Global confinement of plasma density is also improv-
ing with the magnetic field [see Fig. 17(a)], but the local value of the
gradient length scale does not change much with the magnetic field
and remains around 1.5 cm, which corresponds to the effective radius
for this case with 3� 3 cm simulation box. As it is shown in Fig. 16(a),
the spoke frequency roughly follows the

ffiffiffi
B
p

scaling. This scaling was
proposed in Ref. 12 based on the expression for the growth rate of the
Simon–Hoh instability given by Eq. (6). As it was explained in Sec. IV,
those expression becomes similar to Eq. (2) for m¼ 1 mode and con-
stant Ln ’ r parameter as in the current simulations.

B. The spoke frequency scaling with the size of the
simulation box

The box size scaling shows clear dependence of the m¼ 1 mode
frequency as R�1, see Fig. 16(b) and Table III (for summarized typical
values). The radial dependence of plasma parameters are demon-
strated in Fig. 18.

C. Effects of the ion species

The radial profiles of plasma parameters for different elements
are shown in Fig. 19 and summarized in Table IV for other parameters
are from Table I. The atomic element scaling in Fig. 16(c) is in good
agreement with 
M�1 dependence, thus suggesting that the electric
field varies with the atomic element roughly as 
1=

ffiffiffiffiffi
M
p

. In simula-
tions, the exact ionization energies for different elements were used;
however, the importance of this factor is difficult to evaluate since the
ionization energies for these elements are rather close. As it is shown
in Figs. 10(d) and 10(f), there is a notable increase in the electron

temperature and ionization rate at the edges of the m¼ 1 potential
structure. This enhanced ionization, however, does not explain the
rotation velocity, at least not within the standard concept of the
Critical Ionization Velocity (CIV) phenomenon,22 in which the veloc-
ity of the ionization front is limited by the CIV value

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eVion=M

p
,

where Vion is the ionization potential. As shown in Table V, the spoke
rotation velocity observed in simulations is much lower than the CIV
value. We note that in all cases, the m¼ 1 spoke rotation is much
slower than the E� B values.

VI. THE SMALL-SCALE SPIRAL ARMS STRUCTURES
REGIME

In this section we investigate the transition to the regime in
which small-scale spiral arms azimuthal structures occur, similar to
those observed in Ref. 23. For our simulations, we use the box with
size 6� 6 cm2 with Argon and the magnetic field is 150G, achieved
ppc number is around 90, other parameters are the same as in Table I.

In our simulations, there are two mechanisms of the energy
input to the discharge. One mechanism is the kinetic energy (in the
axial z-direction) of injected electrons. With sufficient initial kinetic
energy, such electrons may produce ionization directly. After scat-
tering on neutrals, these electrons acquire a finite velocity in the x-y
plane and start to move radially as a result of further collisions and
fluctuating electric fields. For our base case parameters, the radial
motion of injected electrons as well as electrons and ions produced
by ionization typically establishes the radial electric field directed
inward, e.g., see Fig. 17(c). Injected electrons diffusing radially out-
ward create the inward electric current. In the stationary state, the
value of this current is equal to the injection current which is fixed
as an external parameter, while the radial electric field establishes
self-consistently as a result of the power and particle balance. Co-
directed electric field and current in radial direction represent the
second mechanism of the energy input to the discharge. For
the parameters of our base case, exhibiting the m¼ 1 spoke activity,
the second mechanism is dominant, as the axial energy of the
injected electrons is low, see Table V. For the base parameters, the
axial kinetic energy of the injected electron is in fact below the ioni-
zation energy so they are unable to produce ionization directly. The
electrons are heated as a result of small-scale instabilities of the

FIG. 16. The spoke rotation frequency as a function of (a) magnetic field; (b) size, and (c) atomic element.
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lower-hybrid type. Releasing cold electrons inside of the injection
region with the same current produces a very similar result.

We observe the disappearance of the m¼ 1 spoke activity
when the power absorption mechanism and the total power deliv-
ered to the discharge reduce. To facilitate the comparison, we
increase the axial beam energy to maintain roughly the same plasma
density in the center. 5� 1015 m�3. More precisely, we perform a
series of numerical experiments for different values of the injection
kinetic energy, adjusting the injection current in each case to main-
tain the central plasma density near the target value. The values for
the injection energy, beam current, beam power, and radial current
power for these simulations are given in Tables VI and VII. As the
energy delivered by the radial current decreases, the spoke activity is
gradually reduced, the spoke becomes slower, and the system enters
the regime with a smaller scale, m> 1 spiral arms structures, as in
Fig. 20. The transition occurs around the injection energy of 20 eV.
Change of the regime is continuous, e.g., even for the case of 30 eV

one can see some spoke signatures around 13 kHz [Figs. 22(a) and
22(b)]. However, the power in the low frequency region corre-
sponding to the spoke frequency is low compared to the spectral
power for arms structures in the range of frequencies 400–800 kHz.
Further increase in the energy of injected electrons leads to
even more weakened spoke and less noisy high k modes (Fig. 23).
The spoke frequency rotation is slowing down, and the number
of arms and their frequency is increasing: injection with 50 eV
produces 7 and 600–900 kHz, for the spoke and spiral modes,
respectively.

Figure 20 present the snapshots of the characteristic behavior of
plasma parameters in the small-scale regime exhibiting multiple spiral
arms structures for the injection energy of 30 eV. The plasma density,
potential, ion, and electron energy, and ion flow are all rather coherent
and well correlated with the spiral structures. Ionization mostly occurs
on the outskirts of the injection region as a ring due to the direct
impact of the injected electrons.

FIG. 17. Radial profiles of plasma parameters for different magnetic fields: (a) ion concentration; (b) gradient length scale; (c) potential; and (d) electric field.
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The important feature of small-scale regime is a significant reduction
of the radial electric field so the potential flattens and may even become
slightly positive in the center (Fig. 21). In this case, the remaining instabil-
ity mechanism is the combination of the density gradient and collisions.3

The comparison of the fluctuations spectra observed in simulations with
the theoretical dispersion from Eq. (3) is given in Fig. 23. In this regime,
the real part of the frequency is very close to the ion sound mode with the
growth rate defined by the density gradient and collisionality.

FIG. 18. Radial profiles of plasma parameters for different size of the simulation box: (a) ion concentration; (b) gradient scale length; (c) potential; and (d) electric field.

TABLE III. Local values of Er ; Ln; np; Te; �en.

Size, cm2

Quantity
name 3� 3 6� 6 9� 9

�Er , V/cm 7.13 4.87 3.81
�Ln, cm 0.86 1.55 2.40
np; 1015m�3 4.06 2.37 1.86
Te eV 3.27 3.02 2.7
�en; 108s�1 1.41 1.27 1.12
f, kHz 76.6 41.4 28.4
fcs, kHz 187 89.6 62.2

TABLE IV. Local values of Er ; Ln; np; Te; �en.

Element
Quantity
name H N Ar Kr

�Er , V/cm 12.35 5.72 4.87 6.34
�Ln, cm 1.91 1.41 1.55 1.62
np; 1015m�3 0.95 2.55 2.37 1.33
Te eV 3.08 2.96 3.02 1.63
�en; 108s�1 0.83 9.90 1.27 2.93
f, kHz 538 74.8 41.4 36.7
fcs, kHz 573 153 89.6 62.5
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TABLE V. CIV and spoke rotation velocity.

Element Mass, amu V ion, eV CIV, 103 m/s Spoke velocity, 103 m/s E�B velocity, 103 m/s

Hydrogen 1 13.6 51 2.57 82.3
Nitrogen 14 14.5 14.1 0.36 38.1
Argon 40 15.75 8.7 0.2 32.4
Krypton 83.8 14 5.66 0.18 43.3

FIG. 19. Radial profiles of plasma parameters for different atomic elements: (a) ion concentration; (b) gradient scale length; (c) potential; and (d) electric field.

TABLE VI. Input power due to the axial electron beam and J � E.

Electron energy, eV
Quantity
name 0 5 10 15 20 30 40 50

Axial beam power, J s�1m�1 0.00 0.28 0.49 0.48 0.22 0.214 0.213 0.212Ð
J � Edxdy; J s�1m�1 1.92 1.43 0.80 0.30 0.02 0.026 0.021 0.03

Axial beam current, Am�1 0.04 0.06 0.056 0.03 0.01 0.007 0.005 0.004
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VII. TURBULENT TRANSPORT AND MOBILITY

In this section, we discuss and compare the magnitude of the
radial current in the m¼ 1 spoke and small-scale modes regimes. The
radial profiles of the electron and ion current are shown in Fig. 24.
The spoke regime shows a much larger total current. We characterize
the net radial transport as the effective mobility and diffusion by using
the representation in the form

jeðrÞ ¼ leff ðrÞ eneErðrÞ þ
@

@r
neðrÞTeðrÞ½ �

� �
: (7)

The radial mobility profiles for leff and contributions of the radial elec-
tric field (mobility) and pressure gradient (diffusion) are shown in
Figs. 25 and 26. The effective mobility for the spoke regimes is almost
the order higher than classical values and for the spiral arms regimes,
it is several times larger. The relative contributions of the mobility and
diffusion are shown in Fig. 25. For the spoke regime, the mobility flux
(due to the radial electric field) is dominant, whereas the diffusion
(due to the radial pressure gradient) part is prevailing in the spiral
arms regime in the bulk plasma (r=R > 0:2).

It is useful to consider the relative contributions of fluctuations
and classical transport to the radial current. Neglecting inertia in the
electron momentum equation and separating the stationary and fluc-
tuation parts in the electric field and density, E ¼ E0 þ ~E; n ¼ n0 þ~n,
one obtains an equation for the radial electron current (derivation can
be found in Appendix C):

jre ¼
�e2n0

ð1þ �2=x2
c Þmex2

c
Er þ

1
en0

@p
@r

� �
þ e2�
mex2

c

h ~Er ~ni
1þ �2=x2

c

� e2

mexc

h~n ~Ehi
1þ �2=x2

c
: (8)

Two last terms in this equation describe the turbulent transport, while
the first two are the classical (collisional) contributions. Averaging
over time (Dt ¼ 5� 10�7 s) and space the radial electron current can
be compared to the results from the simulations (Fig. 27). For the
spoke case, the dominant contribution is due to the fluctuations,
h~n ~Ehi [Fig. 27(a)], whereas in the spiral arm case the contribution of
the fluctuations is of the same order as from the magnetized collisional
diffusion [Fig. 27(b)]. We note that for the spoke regime, the expected
contributions of different terms agree well with the measured current,
while for the spiral arms case there is some difference [Fig. 31(b)].
This difference is possibly due to the contributions of the inertial and

stress tensor contributions which are not included in our calculations.
The small-scale arms case may also require a higher resolution to
achieve a better agreement.

VIII. SUMMARY AND DISCUSSION

In this paper, we have studied fluctuations in the cylindrical
Penning discharge self-consistently supported by the ionization from
the electron beam. The discharge saturation to the steady-state was
investigated with four different PIC codes: EDIPIC-2D, PEC2PIC,
Vsim, and XOOPIC. It was found that while all codes show qualita-
tively the same behavior, some quantitative differences in plasma den-
sity (up to the order of 20%) may occur due to the differences in how
the particle collisions and relevant cross-sections are implemented.

Two different regimes of turbulent structures and transport were
revealed in the simulations: them¼ 1 spoke regime with the large level
of anomalous transport and the regime with small-scale m> 1 spiral
arm azimuthal structures. A characteristic feature of the spiral arm
regime is the flat profile of the potential, while in the spoke regime
there is a deep potential well confining ions radially. The spiral arm
regime is much quieter and has turbulent transport which is only sev-
eral times larger than the classical one due to collisions. One has to
note that the transition between the two regimes is continuous and
low m (spoke) modes and high m (spiral arm) modes co-exist. In the
case of the spoke, most of the power (in the sense of the FFT power
spectrum density) is contained within a few first low-frequency
modes (spoke modes 10� 100 kHz). On the contrary, in the spiral
arms regime, the low m modes are weak, and the power is concen-
trated within a wide range of high-frequency modes (spiral arms
0:4� 1 MHz).

One of the goals was the investigation of the nature of large-scale
m¼ 1 spoke activity often observed in experiments.1,2 The comparison
of the fluctuations spectra in the spoke regime, obtained with MUSIC
and FFT algorithms, shows reasonable agreement with the theoretical
dispersion relation and demonstrates the existence of the inverse cas-
cade of energy toward the large scale. We have performed parametric
studies of the spoke frequency with the magnetic field, simulation box
size, and ion species which, in general, are similar to those found in
Ref. 12. It is demonstrated that the spoke frequency is mostly deter-
mined by the radial electric field and follows the equilibrium ion rota-
tion frequency. The observed dependence on the magnetic field is due
to the variation of the radial electric field Er: for larger values of themag-
netic field, plasma confinement is improved resulting in the increase of
the Er and the spoke rotation frequency according to Eq. (2). We have

TABLE VII. Characteristic local plasma parameters for small-scale regime at r ¼ R=2; B ¼ 150G, for Argon.

Electron energy, eV
Quantity
name 0 5 10 15 20 30 40 50

�Er , V/cm 1.41 0.99 0.74 0.33 0.31 0.09 0.04 0.02
�Ln, cm 2.71 2.81 2.49 2.64 2.37 2.24 2.33 2.39
np; 1015m�3 0.82 0.79 0.65 0.51 0.47 0.62 0.71 0.76
Te eV 2.46 2.49 2.46 2.28 1.92 1.79 1.74 1.71
�en; 108s�1 1.01 1.02 1.01 0.92 0.76 0.69 0.67 0.65
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FIG. 20. Snapshots of plasma parameters in the small-scale regime, injection energy 30 eV: (a) ion concentration; (b) ionization rate; (c) ion energy; (d) electron energy; (e)
potential; and (f) absolute value of the ion current density with the direction vectors.
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FIG. 22. Fluctuations spectra in the small scale regime: (a) ion density distribution in the h� t plane; (b) ion density power spectrum.

FIG. 21. Radial profiles of plasma parameters in the small-scale regime for different injection energies: (a) ion concentration; (b) gradient scale length; (c) potential; and (d)
electric field.
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FIG. 24. Electron and ion radial current: a) spoke regime, B ¼ 200 G; b) spiral arms regime, B ¼ 150 G.

FIG. 23. 1D FFTþMUSIC transform of the space–time data of Eh. The theoretical real part of the frequency (dashed red) and growth rates (solid red) from the dispersion rela-
tion Eq. (3) are plotted to compare with the observed spectra. Black lines show the ion sound frequency: (a) Injection energy ¼ 30 eV; (b) Injection energy ¼ 50 eV.

FIG. 25. Relative contributions of the electric field and pressure gradient: (a) spoke regime, B¼ 200 G; (b) spiral arms regime, B¼ 150 G.
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shown that the results are not strongly affected by the difference in the
discharge geometry of a similar size. Square, circular, and dodecagon
geometry show very similar behavior.

As it was explained above, one of the limitations of the present
study is a neglect of ion-neutral collisions and ion losses in the axial
direction. This is left for future work.
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APPENDIX A: SIMULATION CODES

In this study, we use four PIC codes (EDIPIC, VSim,
PEC2PIC, and XOOPIC) to investigate and compare the effect of
particle collisions in the Penning discharge supported by the elec-
tron beam. The codes are independent and differ in many details,
but the main differences are in the way the Poisson equation is
solved and the MCC-cross section is calculated. A brief summary of
simulation techniques used in each code is provided in (Table VIII).

EDIPIC-2D is a 2D3V-PIC code developed by Sydorenko for the
simulation of low-temperature plasmas in electrostatic approxima-
tion.24 Trajectories of charged particles are integrated according to the
leap-frog scheme with the Boris algorithm. The Poisson equation is
solved using Generalized minimal residual (GMRes) with tolerance
1� 10�9 using PETSc.25 The code uses the Monte Carlo method with
scattering cross sections of electron-neutral and ionization collision
from data from LXcat databases. For Argon—elastic and ionization is
from the Hayashi database, www.lxcat.net, retrieved on May 24, 2021,
and excitation from the SIGLO database, www.lxcat.net, retrieved on
May 24, 2021. For Krypton—Biagi-v7.1 database, www.lxcat.net,
retrieved on November 2, 2021. For Nitrogen—BSR-690_N database,
www.lxcat.net, retrieved on November 2, 2021. For Hydrogen—Morgan
database, www.lxcat.net retrieved on November 11, 2021. It uses the
Well Equidistributed Long-period Linear (WELL) algorithm as a
pseudo-randomnumber generator.26

VSim is a proprietary 3D3V-PIC code developed by Tech-X
Corporation for complex multi physics problems. Here, we use it for
plasma simulation in the electrostatic setting.27 VSim uses a Vorpal
computation engine and comes up with the VSim composer that pro-
vides a graphical user interface. Particle motion is advanced via the leap-
frog and Boris schemes. For solving the Poisson equation, the iterative

FIG. 26. Anomalous mobility [leff from Eq. (7)]: (a) spoke regime, B¼ 200 G; (b) spiral arms regime, B¼ 150 G. Classical mobility is l ¼ e=½me�ð1þx2
c=�

2Þ�.
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method of GMRes with tolerance 1� 10�8 from the Aztec library28 is
used. In VSim, data for cross sections used in the Monte Carlo collision
model can be considered either by interpolating the LXcat data set or by
specifying the fit function that approximates the cross section. The elec-
tron scattering from neutral background follows the anisotropic
Vahedi–Surendra algorithm.29 The ionization cross-section for atomic
argon is used from the Morgan database that is updated in 2015, the
elastic cross-section is taken from the NIFS-DATA-72 database

presented by M. Hayashi which is updated in 2014, and the excitation
cross-section is taken from A. V. Phelps report, updated in 2010. For
Hydrogen, the cross sections are taken from the Morgan database
updated in 2010. Code uses the randOAFunc algorithm which is
Vorpal’s random number generator.

PEC2PIC is the Parallelized Electrostatic Cartesian 2D Particle-
In-Cell 2D3V PIC-MCC solver developed Sengupta and Ganesh.30,31

PEC2PIC is intended for the device simulations of low temperature

TABLE VIII. Main features of four PIC codes employed in the benchmarking study.

Code EDIPIC VSim PEC2PIC XOOPIC

Algorithm
Particle-Mesh assignment NA First order Cloud-in-

Cell
Poisson solver KSP GMRes (PETSc) Iterative: Generalized

minimal residual
(GMRes)

Iterative: Successive
Over Relaxation (SOR)

Iterative: Dynamic
Alternating Direction

Implicit (DADI)
Push solver Leap Frog: Boris

Advancement
Leap Frog: Boris
Advancement

Lie Operator formal-
ism: Chin’s

Exponential Splitting

Leap Frog: Boris
Advancement

MCC-cross section Interpolated from
Lxcat data set

Interpolated from dis-
crete data set (Lxcat)

Estimated from con-
tinuous Regression-
based functions

Estimated from con-
tinuous Regression-
based functions

Electron scattering Anisotropic Anisotropic
Hardware acceleration
Architecture CPU CPU CPU-GPU CPU
Parallelization MPI MPI Open-MP and Open-

ACC
NA

Decomposition Domain Domain NA NA
Floating-point precision Double Double Double Double
Language Fortran 90 Cþþ Fortran Cþþ

FIG. 27. Relative contributions of different terms in Eq. (8) terms with time: (a) spoke (200 G) and (b) spiral arm (150 G) cases. All terms are averaged over the whole domain.
In the case of spiral arms, a moving average was applied to reduce noise.
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plasma configurations32,33 and is part of a larger suite of 1-3D
Electrostatic PIC codes PECXPIC developed by Sengupta et al.34 and
Khamaru et al.35 PEC2PIC operates on a Cartesian mesh with an itera-
tive Successive Over Relaxation (SOR) Poisson solver,36 a combination
which gives the flexibility to simulate linear as well as curvilinear shapes
of Dirichlet boundaries.37 The Gauss–Seidel solving unit of the SOR is
Open-ACC accelerated on a GPU using the red-black parallelization
scheme.38,39 Newtonian dynamics of particle trajectories are solved
using the Lie Operator based Chin’s exponential splitting integra-
tor.40,41 Charge interpolation from particle to mesh nodes, and electric
field interpolation in the opposite direction are achieved via the first
order Cloud-in-Cell (CIC) scheme.42 The Particle-push and the CIC
are parallelized on a CPU node using Open-MP. An MCC routine
based on Vahedi et al.’s algorithms29 with an improved electron aniso-
tropic scattering equation43 simulates the collisional interaction of
plasma with background neutrals. The code’s language is Fortran and
the random generator is Fortran’s internal random number generator
(xoshiro256��44).

XOOPIC (X-windows Object-Oriented Particle In-Cell code)
is an open-source 2D3V cartesian (x-y and r-z) software developed
by the Plasma Theory and Simulation Group (PTSG).45 In this
work, we use the electrostatic serial version of XOOPIC for non-
relativistic equations of motion of charged particles using the Boris
advance technique. The Poisson equation is solved by an iterative
method of Dynamic Alternating Direction Implicit (DADI) with
tolerance 1� 10�3. The required cross sections for the Monte Carlo
collision are estimated from continuous regression-based functions.
For a random generator, Mersenne Twister 19937 generator46 from
the Cþþ standard library was used.

APPENDIX B: THE EFFECTS OF THE GEOMETRY
OF THE SIMULATION REGION

Our base case simulations were performed in the square box
geometry, while both rectangular geometry and circular geometry
are used in magnetically enhanced E� B discharges.6 Therefore, it

is of interest to investigate the differences that occur for different
shapes of the boundary of the simulation region. On this subject,
we have performed simulations of the case only ionizing collision
and ionization plus non-ionizing electron neutral collisions for
Argon and Hydrogen with the circular cross-section implemented
in VSim and PEC2PIC codes. In XOOPIC, we have used the
dodecagon boundary. Both circular and dodecagon boundaries are
located inside the square box of simulation as shown in Fig. 28 with
a uniform Cartesian mesh grid. The diameter of the circular is equal
to the sides of the square configuration (Fig. 1). The cell size and
time step are identical to the corresponding square boundary simu-
lation. Particles are absorbed in cut-cell circular and line segment
boundaries (grid-aligned) dodecagon boundaries that conduct the
Dirichlet boundary conditions.

Figure 29(a) shows the evolution of electron inventory of
Argon discharge simulation with only ionization, in circular and
dodecagon devices in comparison with the square devices. It can be

FIG. 28. The end view of the circular cross-section used in VSim and PEC2PIC
codes and the dodecagon cross-section that is used in XOOPIC of the modeled
discharge.

FIG. 29. Temporal evolution of electrons inventory of Argon gas in circular and
square simulation geometry. (a) Case with only ionization and (b) case with ioniza-
tion plus non-ionizing electron neutral collisions. Dashed lines indicate electrons’
evolution in square geometry and solid lines show the evolution of electrons in
circular-like geometry.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 30, 033506 (2023); doi: 10.1063/5.0129804 30, 033506-23

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


seen the number of particles in the saturation level of the circular
boundary (solid line) is less than the square boundary (dashed line
with similar color). Figure 29(b) which is related to the evolution of
electrons in Argon discharge simulation with ionization plus non-
ionizing electron neutral collisions, shows a similar result that the
number of particles in a circular boundary is less than the corre-
sponding square boundary. The result of simulations of these two
cases with dodecagon geometry of XOOPIC code represents good
agreement with circular geometry results of VSim and PEC2PIC
codes. Figures 30(a) and 30(b) show that the ES energy does not dif-
fer for square and circular boundaries at the saturation stage of cor-
responding simulations.

Figure 31 compares the rotation frequency of the spoke in
PEC2PIC simulations of the Argon discharge (with ionizing plus
non-ionizing electron–neutral interactions) in square and circular
devices. The method used for measuring the m¼ 1 frequency is the
same as in Fig. 6 (i.e., density probe signal analysis). Figure 31 (top)
shows the smoothened ion density signal of the probe for the two
devices while Fig. 31 (bottom) has the corresponding FFT analysis.
We get nearly equal spoke rotation frequencies for the devices, indi-
cating the cross-sectional boundary shape has little impact on the
steady state spoke’s frequency.

Applying Hydrogen gas in simulation case with ionization
plus non-ionizing electron neutral collisions, instead of Argon
gas, reveals that the main features of simulation results, includ-
ing particle and ES energy evolution, are not different for square
and circular geometries (see Fig. 32). Figure 33 compares the
rotation frequency of the spoke in PEC2PIC simulations of the
Hydrogen discharge (with ionizing plus non-ionizing electron–
neutral interactions) in equal sized square and circular devices.
Figure 33 (top) has ion density signals at the probe and Fig. 33
(bottom) has the corresponding FFTs. Unlike Argon, the
Hydrogen discharge shows significant differences in the fre-
quency spectrum for the two device shapes. While the m¼ 1

FIG. 30. Temporal evolution of electrostatic energy of Argon gas in circular and
square simulation geometry. (a) Case with only ionization and (b) case with ioniza-
tion plus non-ionizing electron neutral collisions.

FIG. 31. Comparison of the prob signals for the ion charge density, qip, and power spectrum between square and circle devices for Argon, showing the effect of boundary on
spoke frequency.
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frequency for the two configurations is close, about 1:38MHz the
circular device has additional peaks at sub m¼ 1 frequencies.
The source of these additional peaks needs further investigation
to understand.

APPENDIX C: RADIAL CURRENT EQUATION

The conservation of momentum law for electrons without
inertia

0 ¼ �enðEr þ vhBÞ �
@p
@r
� �mnvr

0 ¼ �enðEh � vrBÞ �
1
r
@p
@h
� �mnvh

8>><
>>: (C1)

expressing vh from the second equation and placing it into the first
one and neglecting azimuthal pressure gradient (due to cylindrical
symmetry) we receive

0 ¼ �en Er � Eh � vrB½ � eB
�tm

� �
� @p
@r
� �tmnvr : (C2)

Now transferring vr to the left part of the equation we get

vrn �mþ e2B2

�tm

� �
¼ �en Er � Eh

eB
�m

� �
� @p
@r
: (C3)

Multiplying the equation by –e and replacing xc ¼ eB
m and jr¼ envr

jer ¼
�e2

ð1þ �2=x2
c Þx2

cme
nEr � nEh

xc

�
þ 1

e
@p
@r

� �
: (C4)

Now expanding the equation into nðr; h; tÞ ¼ ~nðr; h; tÞ þ n0ðr; hÞ;
Erðr; h; tÞ ¼ ~Er ðr; h; tÞ þE0

r ðr; hÞ; Ehðr; h; tÞ ¼ ~Ehðr; h; tÞ þ E0
hðr; hÞ

fluctuation and equilibrium parts, respectively. Also, hni ¼ n0;
hEri ¼ E0

r , and hEhi ¼ E0
h

FIG. 32. Temporal evolution of (a) electrons inventory, (b) electrostatic energy of
Hydrogen gas for simulation with ionization plus non-ionizing electron neutral colli-
sion in circular and square simulation geometry.

FIG. 33. Comparison of the prob signals for the ion charge density, qip, and power spectrum between square and circle devices for Hydrogen, showing the effect of boundary
on spoke frequency.
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After averaging the equation over time we finally achieve

jer ¼
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